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Abstract
A relation between Wilson action and the Cornwall-Jackiw-Tomboulis ef-
fective action, which was recently suggested by Periwal, is here derived using
path-integral techniques.
The Wilson action[1] and the CJT (Cornwall-Jackiw-Tomboulis) eective action[2]
have several applications in theoretical physics, especially for the analysis of certain
non-perturbative aspects of quantum eld theories. A noticeable example of the useful-
ness of the Wilson action is provided by its role in the recent understanding of certain
non-perturbative aspects of supersymmetric quantum eld theories, and in those stud-
ies the holomorphicity properties of the Wilson action have been very important [3].
Similarly, the usefulness of the CJT eective action for studies of dynamical mass gen-
eration [2, 4] and temperature induced phase transitions [5] is due mostly to some
specic properties of this action, notably the fact that under certain conditions [6, 7]
it can be interpreted as the free energy in an ensemble with prescribed eld expecta-
tion value and prescribed connected two-point correlation function and the fact that it
admits a loop expansion, even though it captures some non-perturbative (resummed
perturbative) aspects of the theory. Motivated by the hope to eventually be able to
combine in a single structure the formidable properties of the Wilson action and the
CJT eective action, in a recent paper [8] Periwal has suggested a relation between
these two actions. We shall rst review, to the extent necessary for our analysis, the
denitions of the Wilson action and the CJT eective action, then we shall remind the
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reader of the relation suggested by Periwal, and nally we shall derive this relation
using path-integral techniques.
For simplicity, we limit our discussion to the case of a theory with two scalar elds
 and  and Lagrangian L(, ). For most of the analysis the reader is invited to
think of  and  respectively as the light and heavy modes of a single eld (where
light modes are those below a given cut-o scale  while the heavy modes are above
). In such a context, the Wilson action SW can be formally introduced as [8]









Besides this ordinary viewpoint in which  and  represent light and heavy modes of a
single eld, this formal denition is sometimes useful [8] also in contexts in which  and
 represent two unrelated elds. Therefore, in the following we shall not explicitly refer
to the -dependence introduced by the separation between -modes and -modes.
In order to dene the CJT eective action ΓCJT one rst introduces local and bilocal
sources
Z[JΦ, JΣ, KΦ, KΣ] =
∫ DD exp[i ∫x L(, ) + i ∫x(JΦ + JΣ)
+ i
∫
x,y(KΦ/2 + KΣ/2)] ,
(2)




dx dy, JΦ  JΦ(x)(x)
and KΦ  (x)KΦ(x, y)(y).
From Z[JΦ, JΣ, KΦ, KΣ] the CJT eective action Γ
CJT [φ, σ, Gφ, Gσ] is obtained via
Legendre transform:
ΓCJT [φ, σ, Gφ, Gσ] = −i log Z[JΦ, JΣ, KΦ, KΣ]− ∫x(JΦφ + JΣσ)
− ∫x,y(φKΦφ/2 + σKΣσ/2 + GφKΦ/2 + GσKσ/2) , (3)















= −KΦ/2 , (6)
δΓCJT
δGσ
= −KΣ/2 . (7)
As mentioned, for practical applications it is important that ΓCJT admits the expansion
[2]:














φ (k) + ln G
−1
σ (k)] + Γ2L[φ, σ; Gφ(k), Gσ(k)] ,
(8)
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where Vtree is the tree-level (classical) potential, Dφ, Dσ are the tree-level propagators
[2], and Γ2L is given by all two-particle-irreducible vacuum-to-vacuum graphs with two
or more loops in the theory with vertices given by the interaction part of the shifted
( !  + φ,  !  + σ) Lagrangian and propagators set equal to Gφ,Gσ.
We are here concerned with Periwal’s suggestion [8] of the following additional
property of ΓCJT :
SW (φ) = ΓCJT [φ, σ = σo, Gφ = 0, Gσ = G
o
σ] , (9)
where σo and Goσ are such that JΣ = 0 = KΣ for σ=σ
o and Gσ =G
o
σ (see Eqs. (5) and
(7)).
In order to verify the relation (9) we start by observing that from Eqs. (2) and (3)
one can derive
ΓCJT [φ,σ,Gφ,Gσ] = −i log ∫DD expfi ∫x L(, ) + i ∫x JΦ(−φ)
+ (i/2)
∫





x,y[KΣ− σKΣσ −KΣGσ]g .
(10)
Next we use Eqs. (1) and (4) and the fact that JΣ = 0 = KΣ for σ =σ






σ] = −i log
∫D expfiSW ()− i ∫x(δΓCJT /δφ)(−φ)
+ (i/2)
∫
x,y[KΦ(− φ)2 −KΦGφ]g .
(11)
The only element of Periwal’s proposal which we have not yet implemented is Gφ =
0. Within our path-integral approach one should take into account that Gφ ! 0
corresponds to KΦ ! i1. This property, which can be veried directly by using
Eqs. (6) and (8), is related to the fact [8] that Gφ plays the role of propagator for the
expansion of ΓCJT while KΦ, as seen in Eq. (2), is introduced as a mass for the eld .
From Eq. (11) one sees that as KΦ ! i1 the integrand of the -functional integration
becomes more and more sharply peeked around congurations   φ. In the limit
KΦ = i1 the term (δΓCJT /δφ)(−φ) can be dropped and the only dependence of the
path integral on SW is through SW (φ), which is also the only φ-dependent element of
the path integral. Therefore, up to an irrelevant additive φ-independent contribution,
we obtain the relation (9) from (11).
Our analysis, within the limitations of a formal path-integral derivation, provides
support for Periwal’s suggestion. As already emphasized by Periwal, some of the possi-
ble applications of this relation might rely on non-perturbative convexity properties of
the CJT eective action, which would be transferred, via (9), to the Wilson action. It
remains to be seen whether such convexity will be available in the contexts of physical
interest; in fact, it is well known that in some cases [5, 6, 7] singularities in the relevant
Legendre transforms spoil the convexity of the CJT eective action.
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We also observe that, since the conditions σ = σo, Gσ = G
o
σ set in (9) correspond
to vanishing sources JΣ, KΣ, one could express the Wilson action directly in terms of
a CJT eective action obtained without ever introducing JΣ and KΣ. Denoting by
~ΓCJT [φ,Gφ] the CJT eective action obtained via Legendre transform of Z[JΦ, JΣ =
0, KΦ, KΣ =0], one easily derives the relation S
W (φ)= ~ΓCJT [φ, Gφ =0].
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